The present paper deals with the integral equations formulation through the method of finite Hankel integral transform techniques for solving the mixed boundary value problem of unilaterally supported rectangular plates loaded by uniformly distributed load. Due to the absent concentrated corner forces at all plate corners, the occurrence of mixed boundary conditions between a plate and the supports can be reduced from the coupled dual-series equations that resulted in using the Levy's approach for the plate deflection function to a set of two coupled integral equations of Fredholm-type. The highlight of problem is that the analyticalformulation explicitly considers the nature of the inverse-square-root shear singularities at the ends of unilateral supports in the plate loaded state.
Introduction
For solving the fourth-order partial differential equation that governed the plate behaviors, it is naturally desirable to obtain the exact solutions. However, the exact solutions are found only in a limited number of problems so that much research has been conducted into plate analysis using a wide range of various methods. There are two main types of solution that can be classified herein, namely, approximate solution and analytical solution which depended upon the methods used in the analysis. Analytical solution methods are the most desirable, but not always easily attainable, as in the case of the plates having mixed boundary conditions, plates with irregular boundaries and/or plates involving singularities. This is due to the difficulty lied in the requirements to satisfy both, the governing differential equation and all of the boundary conditions exactly.
Finite integral transforms have been used mathematically with considerable success in the past to solve many mixed boundary value problems in elasticity and most solutions lead to dual-integral or -series equations [19] . Nevertheless, there are some applications of these methods to structural elements, such as thin plates. Thus, the bending [14] , vibrations and buckling [20] of rectangular plates with cracks, internal line supports or different mixed boundary support conditions were investigated. Additionally, the finite Hankel integral transform method was used, and the singularity in the bending moments that is proportional to the inverse square root of the distance from the root of the crack or the points of discontinuous supports was also explicitly introduced in the analysis. Since the moment singularities are of an inverse-square-root type, it turns out that the supplemented or Kirchhoff shearing force becomes nonintegrable. Consequently, the total force that transmitted to the supports cannot be computed directly but the strain energy density of the plate is integrable in the neighborhood of the singular point, because shearing forces do not enter into the strain energy of thin elastic plates.
It is known from engineering theory of rectangular plates under gravity loads [21] that at the plate corners formed by two bilaterally simply supported adjacent sides of the plate, a concentrated force called the corner force directed downward at the corner is developed due to the twisting moments corresponding at that corner to prevent the corner of the plate from lifting off the supports during bending. When this corner force cannot be provided or resisted by the support, and the simple supports are unilateral or capable of exerting forces in one direction only [13] , parts of the plate near the corners will bend away from the supports upon loading. For instance, it is clear that the plate problem considered is one of natural contact [11] in which no singularity in the moments can be allowed at the transition points where the unilateral support changes to a free edge. The proper singularities in the shearing fields are then to be expected and are of the inverse-square-root type [7, 13] . Since the plate seeks its natural receding contact, the extent of contact between the plate and the supports is independent of the level of loading, showing the nonlinear effects due to plate corner lift-off and that the support reactions are proportional to the load [8] . These effects have motivated many researchers to attempt to determine the actual extent of the contact.
The present paper treats the problem of uniformly loaded rectangular plate supported by unilateral edge supports as shown in Figure 1 . The main objective is to make an attempt to develop an insight into the mathematical formulation and analytical derivation for the system of two coupled integral equations of Fredholm-type that governed the problem solutions. Since the problem is considered within the framework of thin elastic plates, the notations given by [21] are then used throughout with slight modifications.
Coupled integral equations

849
Figure 1 Uniformly loaded rectangular plate on unilateral edge supports
To simplify the analysis without loss of generality, the lengths involved in the actual dimensions of rectangular plate are scaled by the factor / a  where the actual length and actual width of the plate are a and 2b in the directions of x and y , respectively. The actual (barred) coordinates that related to the scaled coordinates ( , ) x y are, for instance, / It can be remarked that the corner forces are considered as positive if they act on the plate in the downward direction in order to prevent the plate corners from rising up during bending.
To solve this class of unconstrained plate problems analytically, one of the earliest works that addressed the issue of unilateral constraints was investigated by Keer and Mak [13] who treated a quarter infinite plate under a concentrated load near a corner with using the finite Fourier integral transform techniques. The same method was also used by Dempsey et al. [7] to provide a complicated solution for problem of uniformly loaded square plate supported by the unilateral supports with no restrained corners. Subsequently, Dempsey and Li [6] extended the method to determine the extent of corner lift-off of a rectangular plate in unilateral contact with sagged and unsagged supports laterally loaded by centrally concentrated and uniform loadings. In the aforementioned studies, the methodology involved an appropriately chosen finite integral transform and the problems were reduced to determining the solution of Cauchy-type singular integral equation of the first kind. Additionally, the support was assumed to be unilateral but rigid. However, in many practical applications, rigid support is often not the case but elastic support systems may be closer to reality. Celep et al. [5] studied the extent of the contact for a circular plate under a uniformly distributed load along a circular arc where the plate was elastically supported around its periphery by linear elastic springs having a translational constant. Furthermore, the springs were also assumed to be acting unilaterally and reacted in compression only, so that the tensile reactions could not be resisted by the support or transmitted across the interface between the plate and the support, and then a possible lift-off can be occurred.
For the approximate numerical treatments, Salamon et al. [17] examined a square plate unilaterally supported on discrete springs around the plate edges in an application of the finite element method and found out that the plate lifted off the supports, except for low support stiffnesses. Celep [4] studied the transient response and forced vibrations of a square plate supported on a unilateral Winkler foundation subjected to a time dependent single concentrated load that applied at the plate center. The solution was carried out by employing the Galerkin method. Hu and Hartley [12] developed a direct boundary element method to determine the tendency of the corners of polygonal plates to separate from unilateral supports. Numerical results were given for the cases of square, triangular, and hexagonal plates subjected to both uniform and concentrated loads. Papanikolaou and Doudoumis [16] considered the uplift potential developed at corners of at least two adjacent unilaterally supported edges of rectangular plates for various combinations of support conditions at the remaining edges, and also presented a numerical methodology for the analysis using the MSC/NASTRAN for Windows finite element software. The plates were discretized with a fine mesh of conventional four-node quadrilateral plate elements with nonconforming shape functions in which three degrees of freedom per node were used, while the unilateral supports were simulated through proper link elements. Nine different combinations of support types were derived combined with simple bilateral support or fully fixed support conditions. Numerical results were carried out and prepared in the proper application tables for the calculation of stress state of the plates.
It can be noted from the aforementioned works that the problems of plate are specifically based on the Kirchhoff-Love hypothesis for classical bending theory of thin plates with neglecting any shear deformations. However, for the unilateral contact problems of shear deformable plates such as the Reissner, Mindlin, and von Karman plates, they have been studied by Xiao [23] , Muradova and Stavroulakis [15] , and recently, Bock and Jarudek [2] .
The solution approach treated in this paper follows the Levy-type solution for the deflection function similar to that used previously by Dempsey and Li [6] , which gives rise to four coupled series equations. In order to solve these equations, the finite Hankel integral transforms and together with governing the strength of the singularity to be allowed at each transition point where the unilateral support changes to a free edge are used instead of the finite Fourier integral transforms. Finally, the solution of problem can be converted to the system of two coupled Fredholm integral equations.
Boundary conditions
Refer to the plate geometry and coordinate system as indicated in Figure 1 , because of the symmetry of the lateral load and deflection function, the boundary conditions need to be considered only on the upper left quadrant of the plate that bounded by the region 0 /2
x    and 0 y b   . Therefore, the boundary conditions are:
where 1 e and 2 e are the noncontact lengths. Noted that c W in (20) is defined as the deflection of the corner and is to be determined in the later stage:
Problem mathematical formulation
Utilizing the Levy-type solution approach, the deflection function that satisfies the governing equation, (1) and boundary condition given in (20) can be taken as the sum of the particular ( p w ) and complementary ( c w ) solutions and the deflection of the corner ( c W ) 
and 4 1,3,5,... Application of (10) to (12) and (15) to (17) leads to the following relations 
It can be seen that the problem is reduced to the determination of two unknown constants m D and m D .
Coupled dual-series equations
The remaining boundary conditions presented in (13, 14) and (18, 19) 
1,3,5,...
1,3,5,... 
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It can be observed that the weight functions 
Fredholm integral equations
The four coupled series equations shown in (33) to (36) can be reduced to two coupled Fredholm integral equations of the second kind by assuming the unknown coefficients m P and m Q as presented in (37) and (46), respectively, in the proper form of finite Hankel integral transforms that automatically satisfied the two uncoupled series equations given in (33) and (35), 
in which t is the dummy variable, the function ( ) n J  is the Bessel function of the first kind and order n [1] , and the auxiliary functions 1 ( ) t 
and utilizing the identity presented in Appendix, (A1), so that (58) becomes
It can be noted that the left-hand side of (59) is seen to automatically vanish because x is always larger than t and 1 e , which leads to the Heaviside unit step function ( ) 0 H t x   . Similarly, the unknown coefficient m Q that defined by (57) is satisfied in (35) by virtue of the identity of (A5).
As described previously, the choice of m P and m Q introduced in (56) and (57) has to provide the proper singularity in the shears proportional to the inverse square root of the distance from the tips of contact between the plate and the supports. The verifications can easily be made by considering (34). The shear distribution at 0 y  may be expressed in the form 3 3 ( 1 ) 1,3,5,...
Integrating (56) by parts and together with using the identity of (A2) in (60), only the dominant term of singular part is considered, thus 
This reveals that the inverse square root singularity in shear does occur if m P is assumed in the form of (56). By the same procedure, unknown coefficient m Q in (57) can be verified by the help of identity given in (A6). Having shown that the series equations of (33) and (35) are automatically satisfied, it remains to reduce two remaining (34) and (36) with two unknown auxiliary functions 1 ( ) t  and 2 ( ) t  to the form of integral equations. The method is first made by integrating (34) once with respect to x and substitution of m P and m Q from (56) and (57) with using (A3). After some mathematical manipulations, (34) can be cast in the form of Abel's integral equation, 
It can be seen from (64) [1] . The solution of the Abel-type integral equation presented in (63) can be written as
Substitution of (64) for ( ) h x into (66), together with using (A9) to (A15), the right-hand side of (66) can be analytically evaluated. The final result yields the following inhomogeneous Fredholm integral equation of the second kind: 
(4) (6) (7)
Coupled integral equations
857
where the function ( ) n L  is the modified Struve function of order n [1] . The series equation of (36) can also be reduced in the same form of (67) by using the identical procedure. Therefore,
where 
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Constraint corner force condition
To determine the functions 1 ( )   and 2 ( )   in (67) and (72), the correct values are constrained with the condition given in the boundary condition of (21) due to the nature of receding contact problem in which there is no corner force applied at the plate corner. Therefore, substituting (22) in (17) 
Applying (27), (30), (56) 
It may be called that (78) is the equation for zero corner force condition to be checked with the solutions obtained from (67) and (72).
Compatibility of corner deflection condition
Since the problem consists of four unknowns; two noncontact lengths 1 e and 2 e , and two unknown functions 1 ( )   and 2 ( )   , and then, it is required only one equation to be used to find a complete set of solutions that can be obtained from the edge displacements. The edge displacements of the plate undergo near each corner as it lifts off the support are determined from (22) . With setting 0 y  and using (56) for m P and the identity of (A4), that is 
Applying the boundary condition of (13a) in (83b) gives the deflection at the corner of the plate as 
Substitution of (84) into (83a), the edge displacement on the part of the plate edge that lose contact is
(85) Following the same procedure, the corner deflection and the edge displacement along another edge can be determined as 
The additional condition required on the solution to the coupled integral equations, (67) and (72) is the compatibility of displacements in (85) and (87), since ( 0,0) w x  should equal (0, 0) w y  . Therefore, after using (68b,c), 3 
It is noted that the compatibility condition of (88) can also be obtained by setting (84) equals to (86).
Numerical analysis procedure
In the numerical treatment for determining the solution of problem, Simpson's rule of integration [3] can be used to transform two coupled Fredholm integral equations that presented in (67) and (72) into a system of linear algebraic equations which can be solved numerically for the discretized value of the auxiliary functions 1 ( )   and 2 ( )   using Gaussian elimination with partial pivoting [9] . The improper infinite integral in the kernels of (69) and (75) can also be evaluated numerically by using the quadrature integration formulae either Gauss-Legendre or Gauss-Laguerre [1] . Since the discretized functions 1 1 e and 2 e will be tried until the correct ones that simultaneously satisfy the checking equations are found or the error tolerance is accepted.
Conclusions
The present paper deals with an effective analytical solution method named the finite Hankel integral transforms as another alternative convenient and effective means for solving the mixed boundary value problems of uniformly loaded rectangular plate supported by the unilateral edge supports, which takes consistently into account the nature of shear singularities at the tips of contact interval between the plate and the supports that are allowed in the problem fields. The system of two simultaneous inhomogeneous Fredholm integral equations of the second kind is mathematically derived in details and its solution can easily be obtained if desired by standard numerical method with any highest degree of accuracy depending upon the attainable computer performance. The advantages of this proposed method are that the singularity of the problem is isolated and treated analytically, and there is no approximation in the formulation of the problem.
